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Six algorithms following single particle trajectories are used to predict the axial disper- 
sion in rolling or slumping flow in a continuous rotary kiln. Models incorporating differ- 
ent physical phenomena show that axial dispersion is affected by the Froude number, 
L/D ratio, solid fill level, and rolling or slumping layer thickness. The main cause of 
axial dispersion is segregation of the particles roll or slump distance, due to variation of 
the solid flow properties caused by nonuniform particle size, density and shape. In a 
rolling bed with uniform particles the rolling layer thickness and the time of roll have to 
be accounted for in the prediction of the dispersion. The Peclet numbers computed for 
solid particles with uniform physical properties are of the order of lo4.  The solid segre- 
gated motion may lead to Peclet numbers of the order of 10 - lo3, a much larger 
dispersion. The main obstacle for a-priori prediction of the axial dispersion is lack of a 
reliable relation between the segregated roll or slump distance and the variation in parti- 
cles properties, as well as the change in segregation as the flow properties of particles are 
changed during calcination. 

introduction 
Continuous rotating drums have been widely used in the 

chemical and metallurgical industries for a long time. Short 
smooth drums (L /D = 2-5) with end constrictions are used 
for mixing powders as well as for grinding granular materials. 
Medium length rotating drums (L/D = 5-20), equipped with 
flights, are used for drying or cooling solid materials. Long 
(L /D  = 40) rotating kilns, which are often equipped with 
flights and constrictions, are used for high temperature calci- 
nation of granular or powdered solids. Examples of processes 
carried out in continuous rotary kilns (CRK) include: calcina- 
tion of iron (Sass, 19691, phosphate ores (Mu and Hard, 19841, 
and limestone (Watkinson and Brimacombe, 19821, produc- 
tion of cement (Spang, 1972), alumina (Riffaud et al., 1972), 
soda ash (Kim and Srivastave, 1991), titanium dioxide 
(Dumont and Belanger, 19781, catalysts (Groen et al., 19861, 
waste incineration (Tillman et al., 1990) and fine powders of 
novel ceramics such as titanium diboride (Shaffer, 19861, solid 
oxide fuel-cells (Balachandran et al., 1992) or high tempera- 
ture superconductors (Balachandran et al., 1992; Shelukar et 
al., 1994). 

The objective of this article is to check which physical 
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processes have the main impact on the axial dispersion in a 
continuous rotary kiln reactor operating at a uniform bed 
depth. Several stochastic algorithms accounting for different 
physical processes are used to generate single particle trajec- 
tories in the kiln. The simulations check the impact of rolling 
time, finite thickness of the rolling layer, and the segregated 
rolling or slumping distance on the dispersion in rolling or 
slumping beds. Comparing the predictions of the various al- 
gorithms enables us to determine the rate processes which 
need to be accounted for in a model that can predict the 
experimentally measured Peclet numbers (Pe  = 10-103). 

Henein et al. (1983) classified various forms of solid mo- 
tion through a rotating kiln as slipping, slumping, rolling, cas- 
cading, cataracting, and centrifuging beds. Only the first three 
motions (Figure 1) occur in kilns used for calcination, which 
operate at relatively low rotation rates. In a slipping bed, the 
solid particles slide against the kiln wall and the bed acts as a 
rigid solid body with little axial and transverse mixing. The 
solid is carried along the wall up to the static bed-to-wall 
angle of repose, then slides down against the wall until reach- 
ing the dynamic bed-to-wall repose angle and the process re- 
peats itself. In a slumping bed, the solid particles are carried 
upwards along the kiln wall up to the bed-to-bed static angle 
of repose, then slump downward by periodic “avalanches” as 
a segment of the bed detaches itself from the top of the bed. 
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Slipping Slumping Rolling 

Figure 1. Motions in rotary kilns used for calcination. 

At the end of each slump, the inclination angle of the solid 
with the kiln wall is the dynamic bed-to-bed repose angle. In 
this motion both axial and transverse mixing occurs. In a 
rolling bed, the solids flow as a continuous layer on top of the 
bed. The inclination angle with the kiln wall is the dynamic 
bed-to-bed repose angle. The rolling layer is continuously fed 
with solid from the bulk due to the kiln rotation. Both axial 
and transverse mixing occur. Since the axial dispersion is neg- 
ligible in slipping beds, this work determines axial dispersion 
only for slumping and rolling flows. 

Experimental studies of the average residence time in ro- 
tating drums (Sullivan et al., 1927; Bayard, 1945; Varentsov 
and Yufa, 1961; Zablotny, 1965; Chatterjee et al., 1983a,b; 
Perron and Bui, 1990) yield empirical correlations, valid only 
for specific materials and operating conditions. Room tem- 
perature measurements of the residence time distribution 
(RTD) in rotating drums were done by tracer techniques, such 
as counting and weighing of dyed particles (Rutgers, 1965b; 
Abouzeid et al., 1974; Karra and Fuerstenau, 1977; Sai et al., 
1990), or using atomic absorption spectroscopy to measure 
tracer concentration (Wes et al., 1976; Arlyuk and Shakhov, 
1982). High temperature RTD measurements were done us- 
ing radioactive tracers (Costa and Peterman, 1959; Groen et 
al., 1986). The measured range of the Pe numbers varies from 
10-100 for short mixing drums (Abouzeid et al., 1974; Wes et 
al., 1976), to lo3 for calcination kilns (Groen et al., 1986; Sai 
et al., 1990). 

Figure 2 is a schematic of rotary kiln. We denote by a the 
kiln inclination angle, 0 the solid repose angle, 4 the angle 
by which the solids advance axially, cp the solid fill angle, F, 
the solid mass-flow rate, L the kiln length, R the kiln radius, 
and w the kiln rotation rate. 

n 

Figure 2. Continuous rotary kiln reactor. 
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Saeman (1951) developed a model predicting the average 
residence time of the solid particles in deep and shallow 
rolling beds. It predicts adequately the average residence time 
of rolling beds in CRKs (Saeman, 1951; Tscheng and Watkin- 
son, 1979; Groen et al., 1986). For heavily loaded kilns, Sae- 
man predicted that: 

where 0,- bb is the dynamic bed-to-bed repose angle and cp 
is the solid fill angle which depends on the percent fill or 
mass-flow rate. Increasing the solid fill level from 1% to 25% 
increases the average residence time by 30%. For lightly 
loaded kilns, the filling angle for each radius of particle path 
cpr is small so that sin(0.5cpJ 9 0 . 5 ~ ~  and the radius of the 
different paths is essentially the kiln radius. In such cases Eq. 
1 becomes: 

L sin 0,-,, 
2 ~ R w  tan a 

i -= (2) 

Thus, in shallow beds, the average residence time does not 
explicitly depend on the solid particles fill level or their 
mass-flow rate. 

Previous models described the flow in the kiln by a net- 
work of ideal flow systems, the parameters of which are ad- 
justed to fit the experimental RTD data. Fan and Ahn (19611, 
Rutgers (1965a), Abouzeid et al. (1974), Wes and Drinken- 
burg (19761, Karra and Fuersenau (1977), Hehl et al. (1978) 
and Sai et al. (1990) proposed the use of an axial dispersion 
model with an appropriate Pe number determined by experi- 
ments. Rutgers (1965a), Groen et al. (1986) and Sai et al. 
(1990) used the n tanks-in-series model to fit experimental 
RTD curves. These models do not describe the actual solid 
flow in the system. Mu and Perlmutter (1980) developed an 
axial dispersion model, which takes into account some of the 
key flow features of the solids. It simulates the flow by N 
rolling steps, each consisting of a flow through a tube fol- 
lowed by a well mixed vessel with bypass and recycle. The 
model contains three parameters, one of which has to be ob- 
tained from RTD experiments. 

Rogers and Gardner (1979) extended Saeman’s model and 
used a Monte Carlo simulation to predict the axial dispersion 
for powder flow in horizontal rotating drums with variable 
bed depth. They followed the movement of many particles 
and calculated the axial displacement as well as the time 
elapsed in each rolling step. The radius of path for each par- 
ticle movement cycle was determined by a uniform random 
distribution, while the angle of descent along the cylinder was 
determined by a normalized Gaussian distribution, the stan- 
dard deviation of which was adjusted to fit the experimental 
axial dispersion coefficient. 

We use here several stochastic algorithms to determine 
which physical phenomena have the main impact on the axial 
dispersion in rolling and slumping beds. The trajectories of 
individual particles are used to compute the moments of the 
residence time density function and to determine the axial 
Peclet number. Knowing the magnitude of the axial disper- 
sion is important for predicting the extent it affects the prod- 
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uct quality in a calcination process. This can be especially 
important in multireaction calcination processes in which ex- 
cessive residence time may cause product decomposition. 

Stochastic Simulations of Particle Motion in the 
Kiln 
Development of mathematical model 

gle rolling step is (Saeman, 1951): 
Rolling Bed. The axial displacement of a particle in a sin- 

where A1 is the distance the particle rolls on the surface of 
the bed. The time of rise in a single rolling step is: 

'pr 

an-0 
t,, = - (4) 

where cp, is the filling angle corresponding to radius r, the 
distance from the center of the kiln to the final position of 
the particle after its roll. The above equations describe the 
basic rolling or slumping motion. For rolling beds, they are 
valid if the rolling layer is very thin and the roll time is much 
smaller than the rise time. In the first random model, de- 
noted as model 1, Eqs. 3 and 4 are used to follow a single 
particle which, starting from an initial random point, rolls 
down to a random point, rises with the rotating bed to the 
symmetric position, and then falls down to a new random 
point. The numerical algorithm consists of an initialization 
step which selects a random location, x,, y , ,  on chord DO 
(Figure 3a). Then a random location x,, y ,  is selected on 
chord O D  and the axial displacement Az is calculated by 
Eq. 3 where A1 is the distance of particle roll on the chord 
DD'. A new symmetric location on chord DO is calculated as 
well as the time of rise from x,, y ,  to the symmetrical loca- 
tion using Eq. 4 where cp, = 2cos-'(h/4=) and h is 
the shortest distance from the kiln axis to the bed surface. A 
new random location x,, y ,  is then selected and the proce- 
dure is repeated until the particle exits the kiln. A detailed 
description of the calculation of xlr y ,  x ,  and y ,  in all the 
models is given in the Appendix. 

Due to the kiln circular cross section, more particles roll 
from regions close to the wall. The probability of selecting a 
random number uniformly inside a circle is inversely propor- 
tional to its area, that is, inversely proportional to the radius 
squared. Therefore, in order to sample uniformly the line of 
solids roll (chords DO or ODr), we multiply the length of the 
chord by the square root of a uniform random number be- 
tween zero and one. A FORTRAN-77 uniform random num- 
ber generator was used in the simulations. Two other genera- 
tors recommended by Press et al. (1989) were used to check 
it. All three were found to be adequate using the Chi-square 
technique (Knuth, 1981). The random number generators 
recommended by Press et al. (1989) required longer compu- 
tation time and hence were not used. 

Several models which account for additional processes af- 
fecting the particle motion were developed to assess their im- 
pact on the dispersion in the kiln. Model 2 accounts for the 
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Figure 3. Rolling bed with a thin (a) and thick (b) rolling 
layer. 

time of roll in addition to the time of rise. The distance of 
roll over an angle of qr on chord DOD' (Figure 3a) is 
0.5g sin 0,- bbt2, which also equals to 2r sin(pr/2)/cos 4. 
Thus, the time of roll neglecting the friction and centrifugal 
forces is: 

where 4 = tan-'(tan a/sin e d - b b ) .  

This algorithm follows the same steps as model 1. It com- 
putes the time per rolling cycle as the sum of the time of 
sliding from xl, y ,  to x , ,  y , ,  (Eq. 5), and rise from x,, y ,  to 
the symmetrical location (Eq. 4). 

Model 3, which is an extension of model 2, accounts also 
for the finite thickness A of the rolling layer (Figure 3b). Es- 
timated from geometrical considerations and a mass balance, 
the cross-sectional area of the rolling layer A ,  (:Mu and Perl- 
mutter, 1980) is: 

A ,  = - (cp R2 -sin 'p)- A ,  
2 

The cross-sectional area of the stationary layer A ,  is: 
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A ,  = R, cos-' - +cos - (: 3 
- (; + COS ; ) {l- ( ; + a s  ; )'i (7) 

A mass balance on the rolling and stationary solids gives the 
relation: 

A2w=Vu,A  (8) 

where V,, is the average velocity of the rolling particles on 
top of the solid surface. Accounting only for the gravity force 
and using Eq. 5, the roll velocity is: 

(9) 

Averaging it for all possible values of r ( h  to R),  while ac- 
counting for the circular geometry, gives: 

The above derivation ignores the impact of friction on the 
time of roll and thus underestimates the thickness of the 
rolling layer. 

The algorithm initialization step selects a uniform random 
location x i ,  y 1  in DOQP (Figure 3b). Then a random loca- 
tion x 2 ,  y 2  is selected in D'OQP' and the corresponding ax- 
ial displacement Az is calculated by Eq. 3 where A1 is the 
distance of particle rolls in D D P P  and I9 is replaced by 19, = 

tan-'((y, - y , ) / ( x ,  - x, ) ) .  The new symmetric x l ,  y 1  loca- 
tion in DOQP is calculated as well as the time of roll from 
x l ,  y, to x, ,  y2 and the time of rise from x 2 ,  y 2  to the sym- 
metrical location (Eqs. 5 and 4). The procedure is repeated 
until the particle exits the kiln. 

Model 4 is an extension of model 3, which accounts for 
segregated rolling distances. The previous models considered 
the rolling distance to be random. This represents a bed in 
which the particles flow properties are uniform. In reality, 
variation in particle size, density and shape always exists. 
These variations in the physical and flow properties of the 
particles enhance radial segregation in rotary kilns. Solid par- 
ticles segregation due to nonuniform physical properties is 
mainly due to segregation by flow (Herein et al., 1985). This 
occurs when large, heavy or round particles tend to roll longer 
distances than small, light or irregular particles, which tend 
to be stopped as they roll downwards. Particle-size segrega- 
tion has been investigated by Herein et al. (1985) and 
Nityanad et al. (1986) who showed that the small particles 
tend to accumulate at the center of the bed. The extent and 
impact of segregation may be very significant when the varia- 
tion in the particle flow properties is large, for example, when 
the calcination leads to particle agglomeration (Shelukar et 
al., 1994). Density segregation may occur when the feed con- 
sists of several types of solid particles, such as in direct re- 
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duction processes (Venkateswaran and Brimacombe, 1977). 
Thus, when the bed consists of nonuniform particles, the roll 
distance of any particle depends on its size, density and shape 
and is not a random distance, as assumed in models 1-3. 

Due to segregation, the roll distance of a particle is dis- 
persed around a point x. The variance u of this distance 
decreases with an increase in the segregation level in the bed. 
Due to the lack of a predictive model about the relation be- 
tween the segregated roll distance and the variation in parti- 
cle physical properties, we assumed that x is symmetric to 
the particle start of roll position. Thus, in our model differ- 
ent particles start of roll positions correspond to particles with 
different flow properties. For example, small particles are 
represented by particles with small x, while large ones are 
represented by those with large x. We assume that the dis- 
persion of rolling distances may be described by a truncated 
Gaussian distribution (Lapin, 1983), with an average x, and 
a standard deviation u. We selected a Gaussian distribution, 
since the central limit theorem predicts that when a physical 
phenomenon is the cumulation of many random effects, it 
tends to be defined by a normal distribution irrespective of 
the distribution of individual effects (Soong, 1981). The stan- 
dard deviation of the Gaussian distribution is normalized with 
respect to I , ,  the half length of the rolling layer surface, that 
is: 

After each roll, the particle moves to a point symmetric to its 
end of roll position. The numerical algorithm follows the same 
steps as model 3 with the modification that x 2 ,  y2 is chosen 
by a truncated Gaussian distribution. 

The difference between the static and dy- 
namic bed-to-bed angles of repose determines the slumping 
volume. When this difference is small, the bed flow is similar 
to that in a rolling bed. Hence, replacing 0,- bb in Eqs. 1 and 
3 with the average (0, bb + 6, - b b ) / 2  where 0, bb is the static 
bed-to-bed repose angle, gives an approximate value of T in a 
slumping bed. 

Model 5 describes the basic flow in a slumping bed using 
Eqs. 3 and 4 to follow the motion of a single particle. It is 
similar to rolling model 1, but instead of a continuous roll, it 
accounts for periodic slumping from the upper to the lower 
volume. A slump occurs when the bed surface reaches the 
static bed-to-bed repose angle. Thus, a particle rising along 
the kiln wall may slump down as soon as it reaches the 
slumping volume, even before reaching a position symmetri- 
cal to that before the start of the rise. On the other hand, the 
particle may rise above the symmetrical point, as long as the 
bed surface inclination is smaller than the static bed-to-bed 
repose angle. The first step in model 5 selects a random loca- 
tion x , ,  y ,  in DOS (Figure 4). Next, a random location x,. y r  
is selected in S'OD' and the axial displacement A Z  is calcu- 
lated by the relation: 

Slumping Bed. 

(12) 

where All ,  Or, ,  and A12, Or, are the distance and the inclina- 
tion angle of the slumping particle in the upper and lower 
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The skewness: 

Figure 4. Slumping bed. 

slumping volumes, respectively (Figure 4). A new x , ,  y,'loca- 
tion in DOS is selected. The time of rise from x, ,  y , ,  to the 
new location in DOS depends on the final rising location. 

The particle rises within the slumping volume until slump- 
ing occurs. The algorithm assumes that the final point of rise 
(xl, y l )  is at a random location on an arc within DOS, the 
distance of which from point 0 is equal to that between 0 and 
the start of rise point ( x 2 ,  y,). The corresponding time of 
rise is computed by Eq. 4. We continue to follow the particle 
motion until it leaves the kiln. The impact of segregated 
slumping distance due to dispersion in flow properties is ac- 
counted for in model 6. This model follows the same steps as 
model 5 with the exception that x, ,  y ,  in S O D  is chosen 
using a truncated Gaussian distribution. 

Moments calculation and Peclet number determination 
The first three moments of the solids residence time in the 

kiln define the average, standard deviation and the skewness 
of the residence time density function (Press et al., 1989). 
The average residence time is computed by the relation: 

I N  

where N is the number of particles and ti is the residence 
time of particle i. 

The variance is defined as: 

The relative variance satisfies the relation: 

characterizes the asymmetry of a distribution around its mean. 
Positive skewness implies a longer "tail" beyond the mode. 
The trajectories of 2,500 particles were followed in the calcu- 
lation of 7 and m and 15,000 in the calculation of S. The 
expected error of these simulations is -t 1% for the average 
residence time and +4% for the axial dispersion a;'. In gen- 
eral, more trajectories need to be computed for adequate cal- 
culation of the higher moments. 

In most cases, the dispersion is adequately described by 
the axial dispersion model (Levenspiel and Smith, 19541, that 
is, 

where Pe, the ratio of convection to diffusion times, is de- 
fined as KL/Da,  V ,  being the average solids axial velocity 
and Da the axial dispersion coefficient; i is a dimensionless 
time tV,/L. Levenspiel and Smith (1954) show that for large 
Pe values (Pe > 100): 

(18) 

When the residence time density function is positively skewed 
and nonsymmetric, the axial dispersion model is not valid. In 
such cases we characterize the axial dispersion by or2, the 
relative variance. 

Results and Discussion 
Numerical simulations were carried out to determine the 

impact of the phenomena incorporated in the different mod- 
els and the impact of operating parameters (kiln inclination, 
kiln rotation rate, solids loading) and kiln configuration 
(L /D) ,  on the extent of the axial dispersion. In all simula- 
tions, unless otherwise stated, we set L/D = 10, CY = 5", Fr = 

7 X lop4 rpm and 0,- bb = 45", for rolling beds and (0, - bb + 
6,- b b ) / 2  = 45", 6, - bb - 6, - bb = A 'p, = 10" for Shmping beds. 

Rolling bed 
The impact of the various solid flow rate processes in the 

rolling bed models 1-4 on the average residence time and 
the Peclet numbers is shown in Figures 5a and 5b, respec- 
tively. Model 1 is the basic rolling model while model 2 ac- 
counts also for the solids rolling time, model 3 includes the 
effect of the rolling layer thickness, and model 4 accounts for 
the segregated rolling distances. 

The average residence time predicted by the basic rolling 
bed model 1 is close to the predictions of Eq. 1 developed by 
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Figure 5. Average residence time compared to Saeman’s 
model (a) and the Pe numbers (b) for Fr = 7 x 

obtained from models 1-4 for rolling 
beds. 

Saeman (1951) for heavily loaded kilns. However, the average 
residence time obtained by models 2, 3 and 4 are higher by 
20% to 40%, in the range of 1% to 25% fill (Figure 5a). This 
difference is mainly due to the impact of the solids rolling 
time. A further increase, by 5% to lo%, is caused by the flow 
segregation of nonuniform particles. Equation 2, developed 
by Saeman for lightly loaded kilns, predicts too short resi- 
dence times, indicating that it is not suitable for most appli- 
cations. Increasing the solids fill level increases the average 
residence time since the rising time is increased. 

The Pe numbers predicted by models 1-3 (Figure 5b), are 
extremely large (larger than lo4). This implies that the flow 
features accounted for in these models do not create signifi- 
cant axial dispersion as each particle follows all the possible 
rolling distances with the same probability; so that because of 
the large number of rolling steps, each particle stays about 
the same time in the kiln. Thus, all particles exit the kiln with 
negligible dispersion around the average residence time. The 
roll time and the finite thickness of the rolling layer slightly 
increase the dispersion (decrease the Pe numbers by less than 
one order of magnitude). It would be difficult to conduct ex- 
periments which measure accurately such low level of disper- 
sion or equivalently high Peclet numbers. 

Segregation of rolling distances accounted for in model 4 
can decrease the Peclet numbers by one to three orders of 

magnitude. Large segregation of rolling distances, repre- 
sented by low values of the parameter a defined by Eq. 11, 
decreases significantly the Pe numbers (10’ - lo3) that is, in- 
creases the axial dispersion to a level consistent with that ob- 
served experimentally (Groen et al., 1986; Sai et al., 1990). 
Increasing the solids fill level increases the axial dispersion. 
The reason is that as the solids fill level increases, the parti- 
cles rise to higher positions and undergo larger axial dis- 
placements in each rolling step, decreasing the number of 
steps which in turn increases the dispersion. 

The dependence of the Pe numbers computed by models 
1-3 on the kiln configuration (L /D) ,  inclination angle, and 
the Fr numbers at different solid loading was studied by per- 
forming simulations in the range of 1-25% solid fill, L/D = 

1.10, a! = 3”-7”, and Fr = - lop3. A tenfold decrease 
in the kiln L/D ratio (Figure 6) decreases the Pe numbers by 
two orders of magnitude, the difference decreasing with in- 
creasing percent fill. Similarly, increasing the kiln inclination 
angle increases the axial dispersion, that is, reduces the Pe 
numbers. This effect is less significant than the effect of the 
kiln L/D ratio. Increasing the kiln inclination from 3’-7” 
reduces the Pe numbers by a half of an order of magnitude. 

While gravitation affects the rolling time, the centrifugal 
force affects the rising time. Thus, the dispersion prcdicted 
by models 2 and 3 is expected to depend on the Froude num- 
ber, the ratio of the centrifugal to the gravitational force, in 
contrast to the predictions of model 1. The influence of the 
Froude number and the solids fill level on the average resi- 
dence time, and the Pe numbers according to model 3 were 
checked for 1-25% fill levels and Fr = 7~ lo-‘ -7x lo-’. 
The Pe numbers predicted by the model are of the order of 
magnitude of (lo4) and slightly decrease (by less than one 
order of magnitude) as the Froude number increases from 
7X lop6 to 7X lop3. These values exceed the experimental 
finding of Peclet numbers of the order of lo3 obtained by 
Groen et al. (1986) and Sai et al. (1990). 

For Fr numbers exceeding (7 X lop5), the time of roll in- 
creases the average residence time by 20% to 120% (Figure 
7). Thus, the rolling time cannot be neglected as assumed by 
the first model. The cumulative average time that each parti- 

1 o7 

Pe 

1 o2 
0 5 10 1 5  2 0  2 5  

%fill 
Figure 6. Effect of LID on the Pe numbers obtained 

from model 1. 
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Figure 7. Effect of the Fr number on the percentage in- 
crease in the average residence time ob- 
tained from model 2 compared to that of model 
1. 

cle spends rolling on the surface of the solid bed may be 
expressed as the average time of a single roll multiplied by 
the average number of rolls. The average number of rolls is 
the number of kiln rotations TO multiplied by 2v/q. The av- 
erage time of a single roll is obtained by averaging Eq. 5 for 
all possible values of r ( h  to R), while accounting for the 
circular geometry. Thus, the ratio of the cumulative average 
time of roll to the average residence time predicted by Eq. 1 
is: 

The cross-sectional area occupied by the rolling and the bulk 
layers was calculated from Eqs. 6-10 for the range of Fr = 7 
X - 7 X and solids fill level of 1% - 25%. The frac- 
tion of the cross-sectional area occupied by the rollingJayer 
is less than 1% for Fr numbers smaller than (7 x lop5)  and 
between 1% to 10% for Fr numbers between (7 X lop4 - 7 X 

The effect of the rolling layer thickness on the average 
residence time (Figure 5a) is small ( < 5%). Increasing the Fr 
numbers from 7 x lop6 to 7 X lop3 decreases the Pe num- 
bers by more than one order of magnitude at low percentage 
fill ( < 5%) (Figure 8). As the percentage fill is increased, the 
impact of the Fr number decreases and at 25% it does not 
affect the Pe values. In reality, the thickness of the rolling 
layer is larger than that predicted by this model because fric- 
tion slows down the solid motion, so that the thickness of the 
rolling layer increases. Simulations of model 3 showed that a 
sixfold increase of the rolling layer thickness, predicted for 
the frictionless case (Eqs. 7-10), decreases the Peclet num- 
bers by about 30%. These Peclet numbers were of the order 

The effect of segregated rolling distance due to dispersion 
in particle flow properties was studied by simulations of model 
4 for distributions with different (T values, that is, different 
values of a, corresponding to a Gaussian spread of the roll 
distances around the symmetrical start of roll point at xl, y,. 

of 104. 
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Figure 8. Pe numbers obtained from model 3 at various 

Fr numbers compared to the results of model 
1. 

As the value of the parameter a is reduced (increased segre- 
gation, that is, decreased dispersion in the roll distance), the 
mode of the residence time density function shifts to lower 
times and a ‘‘tail’’ develops (Figure 9a), while the axial dis- 
persion increases. For a in the range of 0.66 to 0.167, the 
relative variance increases by one to three orders of magni- 
tude compared to model 3. The calculated skewness in Fig- 
ure 9b is S = 0.68 and 1.24 for a = 0.66 and 0.33 respectively. 
In such cases the axial dispersion model is no longer a valid 
representation of the dispersion. Therefore, the relative vari- 
ance is used to characterize the dispersion instead. The Pe 
numbers reported for model 4 are presented only for com- 
parison to the previous models. The predicted shape of the 
RTD curves is similar to the experimental results of Costa 
and Peterman (1959) and Arlyuk and Shakhov (1982). 

The trajectory of each particle in model 4 strongly depends 
on its start of roll location in the bed. The axial displacement 
of a particle with a large x are large on the average and it 
exits the kiln rapidly and vice versa. Thus, a large dispersion 
in the number of rolling steps of different particles is ob- 
tained. The increased axial dispersion predicted by this model 
is due to the large variation in the number of rolling steps. 

Slumping bed 
The average residence time obtained by the basic slumping 

bed model 5 is very close to the predictions of Eq. 1 devel- 
oped by Saeman (1951) for rolling beds in heavily loaded kilns. 
The average residence time obtained by model 6, which ac- 
counts for flow segregation is higher by 5% to 10%. The simi- 
larity to rolling beds is expected as the slumping volume is 
symmetric around its center so that an equal number of par- 
ticles slump with inclination angles steeper or milder than 

The Pe numbers obtained from models 5 and 6 for slump- 
ing beds are compared in Figure 10 to those predicted by 
model 1 for rolling beds. The Peclet numbers predicted by 
the basic slumping bed model 5 are extremely high (lo4), but 
lower than the corresponding values (under the same operat- 
ing and kiln configuration) in rolling beds. While the Pe 

( o s - b b  + 6dpbb)/2=45”. 
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Figure 9. Relative variance (a) and the residence time 
density functions at 10% fill (b), obtained from 
model 4 at different values of a for F r = 7 x  

compared to the results of model 3. 

numbers in rolling beds decrease monotonically with increas- 
ing the solids fill level, they are almost independent of the 
solids fill level in slumping beds, Thus, at low percentage fill 
( < lo%), the Pe numbers in slumping beds are lower by one 
to two orders of magnitude from those in rolling beds. The 
difference decreases with increased percentage fill, until at 
25% fill the values are very close. A significant increase in 
the dispersion is caused by slumping distance segregation, ac- 
counted for in model 6. The segregation decreases the Pe 
numbers by two orders of magnitude over the entire range of 
1% to 25% fill. Large segregation of slumping distances rep- 
resented by low values of the parameter a ( a  = 0.33) results 
in low Pe numbers (10’ -lo3)), which are of the order mea- 
sured by Groen et al. (1986) and Sai et al. (1990). 

The slumping volume represented by A cps, the difference 
between the static and the dynamic repose angle affects the 
axial dispersion, as shown in Figure 11. The Peclet numbers 
are close to those for a rolling bed for small A’p,. AS Aq,v 
increases, the Pe numbers decrease monotonically with in- 
creasing percentage fill for A ‘p, < 2. However, for large A ps, 
the Peclet numbers are almost independent of the percent- 
age fill having a broad local maximum. The reason for the 
low Pe values at low percent fill is that the fraction of the 
slumping volume is large, causing large axial displacements in 

a=0.33 

0.167 

0 5 1 0  15 20  25 
%fill 

Figure 10. Pe numbers obtained from models 5 and 6 
for slumping beds with A <os = lo”, compared 
to the results of model 1 for rolling beds. 

each slumping step. As the slumping volume increases, the 
axial dispersion increases due to the increased dispersion of 
the axial displacement in each slumping step. 

The axial dispersion increases as the parameter a is de- 
creased (Figure 12a). The relative variance increases from 

to (lo-’) as a is decreased from 0.66 to 0.167. Similar 
to the behavior in a rolling bed, as the parameter a de- 
creases, the Gaussian shape of the residence time density 
function (Figure 12b) becomes less symmetric and a “tail” 
with increased skewness develops. The calculated skewness 
values in Figure 12b are S = 0.23, 0.96, and 1.50 for a = 0.66, 
0.33, and 0.167, respectively. Residence time density func- 
tions (Figure lob) for the same a values show that the impact 
of radial segregation in slumping beds is less significant than 
in rolling beds. 

lo6 t \  

model #5 
I I I I I 

0 5 10 15 20 25 
%fill 

Figure 11. Pe numbers obtained from model 5 for 
slumping beds at different values of A q s ,  
compared to the results of model 1 for rolling 
beds. 
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Concluding Remarks 
The simulations demonstrate that while the simple analyti- 

cal Eq. 1 developed by Saeman (1951) adequately predicts 
the average solid residence time in CRKs operating at low 
Froude numbers, additional rate processes need to be con- 
sidered for prediction of the axial dispersion of the solids in 
CRK reactors. 

The basic rolling and slumping algorithms 1 and 5 predict 
an average residence time which is very close to that of Eq. 1. 
For Froude numbers exceeding (7X lop5), the average rolling 
time predicted by Eq. 19 has to be accounted for (model 2).  
In most applications of CRK, the correction introduced by 
this term is small as they rarely operate at Fr > 7 X  
Simulations indicate that Eq. 1 can predict also the average 
residence time in slumping beds by replacing - ,,,, with the 
average (6, - bh + @d - ,,J/2. 

The rolling models 1-3, which describe the basic rolling 
motion, the rolling time and the finite rolling layer thickness, 
predict negligible axial dispersion (Pe  larger than lo4) for 
kiln configuration of L/D = 10. A monotonic decrease of the 
Pe values is observed as the percentage fi.11 is increased. De- 
creasing the kiln L/D ratio from 10 to 1 reduces the Pe num- 
bers to the order of lo3. Increasing the Froude numbers from 
7 x 10W6 to 7 X decreases the Pe numbers by more than 
one order of magnitude at low percentage fill ( < 5%). As the 
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percentage fill increases, the impact of the Fr numbers de- 
creases and at 25% fill the Pe is independent of the values of 
the Fr numbers. 

The basic slumping model 5 predicts Pe numbers of the 
order of lo4 for kiln configuration of L/D = 10. The Pe val- 
ues are almost invariant with the solids fill level and a broad 
local maximum is observed. For large slumping volumes, such 
as Acp, = 15" and kiln L/D smaller than 10, the Pe values are 
of the order of lo3. These predicted values in models 3 and 5 
exceed experimental results and would be very difficult to 
determine accurately in an experiment. 

The main finding of our simulations is that segregated 
rolling or slumping distance, considered in models 4 and 6 
respectively, significantly increases the axial dispersion, in- 
creasing the relative variance to the order of 10W3 - lo-' and 
even lo-' (corresponding to Pe of order lo3 - lo2 and 10') 
for low a values representing highly segregated beds in short 
kilns with high soIids loading. Increased segregation (de- 
creased randomness) in particle rolling or slumping distance 
increases the spread in the number of rolling or slumping 
steps among the particles and hence increase the standard 
deviation of the residence time density function. 

The shape of the residence time density function is Gauss- 
ian for nonsegregated beds since the solid motion consists of 
many random events. A positive skewness is introduced by 
the solid segregation model for which the particle motion is 
not random. Both Gaussian and positively skewed density 
functions have been observed experimentally. 

High Froude numbers, low L/D ratios, high solids fill lev- 
els, large rolling or slumping layer thickness, and, most im- 
portantly, flow segregation due to nonuniform particle flow 
properties increase the axial dispersion and lower the Pe 
numbers. 

The simulations show that models which assume random 
rolling or slumping motion, underestimate the dispersion in 
the kiln. Models which account for flow segregation predict 
dispersion values which agree with the magnitude deter- 
mined in experiments. The main current problem with the 
use of either model 4 or 6 for a priori prediction of the dis- 
persion is the inability to predict the dependence of the stan- 
dard deviation of the Gaussian distribution of the roll dis- 
tance on the properties of the powder. This points out the 
need to obtain a better understanding and ability to predict 
the relation between the solids physical and flow properties 
and the flow segregation in the kiln. An additional complica- 
tion in predicting the dispersion and its impact occurs when 
calcination leads to variations in the particles flow properties 
along the kiln, such as particle agglomeration and sintering 
during the calcination of superconducting powders (Shelukar 
et al., 1994). 
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Notation 
a =normalized standard deviation defined by Eq. 11 

Fr = Froude number, 02R/g 
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g =acceleration of gravity 
h =shortest distance from the kiln axis to the bed surface 
I ,  =half the length of the rolling layer surface in the kiln cross 

N =number of tracer particles used in the random simulation 
P =ratio of the solids rolling layer area to the solids bulk layer 

r =radius of particle path 
S =skewness, defined by Eq. 16 

section 

area 

tdown =rolling time 
tUp =rising time 
KO,, =velocity of a single roll 

V,  =average solids axial velocity 
.? =start of roll position 
z =axial coordinate of the kiln 

A z  =axial displacement per one slump or roll 

Greek letters 
Hd - bw =dynamic bed-to-wall repose angle 
0, hh =static bed-to-bed repose angle 
e, hw =static bed-to-wall repose angle 

D =standard deviation, defined by Eq. 14 
a,* =relative variance of the RTD, defined by Eq. 15 
T =average residence time in the kiln, defined by Eq. 13 

T,,,,, =cumulative average rolling time 
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Appendix: Calculation of x , ,  y, and x,, y2 in All 
Models 

The x2, y ,  location is calculated by: 

Models 1 and 2 

The initial x,, y ,  location (Figure 3a) is calculated by: 

2 where l,v = O.5d(xD - xDj) + ( y D  - 
ran is a random number between 0-1. 

The x2, y, location is calculated by: 

A l l  = L , 6  and 

A12 
x2 = x, - (x, - X,!) - 

1, 

where A12 = 1 , G .  
The symmetric xl, y ,  location is calculated by: 

X I  = 2x, - x2 

Y l =  2Y, - Y 2  

Models 3 and 4 
The initial x,, y ,  location (Figure 3b) is calculated by: 

(A7) 

where A l l  = 1,=, A,, = Aran2, and ranl, ran2 are ran- 
dom numbers between 0-1. 

where A l ,  = L,?= is used in model 3, while AL2 = al,gran 
+ A l l  is used in model 4 with a standard Gaussian random 
number with zero mean and unit variance, gran, and Ar2  = 
Aran2. 

The symmetric x,, y ,  location is calculated by: 

Models 5 and 6 
The initial x,, y ,  location (Figure 4) is calculated by: 

x1 = x, - ~ i ,  cos e,, (A131 

y ,  = y o  - A l l  sin 8,, (A141 

where A l l  = Z,m with I ,  the length of line DO, and Or, = 
A 'ps, + 8- bb with A 'p,, = A pSran2. 

The x,, y ,  location is calculated by: 

x2 = x, + A12 cos Or, (A151 

y 2  = yo  + A12 sin Or, (A16) 

where Al, = l o r n  is used in model 5 while A12 = alogran 
+ A l l  is used in model 6, and Or, = A (ps2 + 0- 66 with A 'ps2 

= Acp,ran2. 
The new x,, y ,  is located within the slumping volume DOS 

at a distance A12 from point 0. Its angular position is deter- 
mined by multiplying A cp, by a random value, ran2. 
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